Abstract. Working out degree theory for the investigation of finite-dimensional variational inequalities with continuous mappings in the usual way. All properties typical for a topologiocal degree are proved. Then the K-degree is generalized by the Galerkin procedure for some class 
Introduction
Degree theory is one of the most useful tools of modern nonlinear analysis applicable to the investigation of operator equations Ty=h.
(0.1)
The theory was created for continuous mappings on finite-dimensional spaces in [2] . Then, because of the objective impossibility to develop a unique degree theory for all kinds of operators on infinite-dimensional spaces, there appeared a lot of variants of degree theory for various classes of operators on various types of infinite-dimensional spaces, such as [11, 13] for compact perturbations of the identity map on arbitrary Banach spaces, [3, 17] for operators of the class (S)+ on reflexive spaces, [9, 191 for some classes of operators of pseudomonotone type on complementary systems. It should be noted that another topological characteristic has been used in most Russian works. This characteristic is called rotation and is equivalent to degree.
The main purpose of the present paper is to develop a new topological characteristic of the degree type, that will be applicable to the investigation of variational inequalities
Yu. E. Khidirov: Dept. Math. Yaroslavl State Univ., 150000 Yaroslavl (Russia) and The University of British Columbia, Vancouver, B.C. Canada V6T 1Z2 in the usual way. Such an idea, in terms of rotation, was partly described in [8] for a class of operators similar to (S)+ on reflexive spaces and in [10] for a class of operators similar to pseudomonotone quasibounded operators on complementary systems. Section 1 is concerned with continuous operators on finite-dimensional spaces and Section 2 with operators of the class SA(X) on complementary systems.
Let Y and Z be Banach spaces in duality with respect to the pairing (,), K C Y be a convex closed set, h E Z be some fixed element and T: Y -. Z be some operator. Then (v - It is known that in the case of K = Y the variational inequality (0.2) is equivalent to equation (0.1). We will refer to a solution of this equation as to a (Y, h)-critical point of T.
Finite-dimensional K-degree
Let V be a real Euclidean space equipped with a scalar product (.,.) and a norm
We shall remind of some definitions and main properties of the well-known finitedimensional degree theory. The details can be found, for example, in (12, 15, 16, 18) or some other works.
Let us consider a bounded domain Q C V with boundary ôci and closure ft Let h E V and a continuous mapping T : ci -, V be (V, h)-non-degenerate on c911. An integer-valued function is called a degree of T at h relative to ci and denoted as deg (T,1l,h) if it satisfies the following statements:
(1) Additivity: If cij (1 = 1,... ,m) are open mutually disjont subsets of ci and a mapping T is (V, h)-non-degenerate on n \ UTn then
deg(T,ci,h) = deg(T,cl,,h).
(2 
Indeed, in this case

Tgy(1-t)Toy+tT1y0
VyEôci,tE[0,1J.
Statements (1) - (3) completely define the degree, and can be treated as its axioms.
The following statements are directly derived from these statements: Keeping in mind the investigation of operator equations (0.1), we can say that (8) and (10) are the key statements of the degree.
Finally, we will formulate the last statement, which is well-known as Leray-Schauder lemma. This proposition allows, on one hand, to reduce the dimension for evaluation of the degree, and, on the other hand, to construct finite-dimensional approximations for the generalization of degree theory on some classes of operators on infinite-dimensional spaces. Let K C V be a convex closed set with non-empty interior K. Let PK : V -K be the projector, which transforms any y e V into P K(Y) = z E K with ly -zi = ijlY -vi.
vE
Because K is closed and convex, the projector PK is well-defined on V, single-valued and continuous. Furthermore, it acts as identity on K. It is known [14] that a (K, h)-critical point of the mapping T is the same as a fixed point of the mapping For a bounded domain Q, let us consider a relatively open set w = Q fl K with a relative boundary ÔK = Oh fl K, a whole boundary Ow, a closure 0 and an interior Co. Let h E V and a continuous mapping T: 0 -+ V be (K, h)-non-degenerate on OKw. In this case the mapping F, defined by formula (1.2), has no fixed point on OKW. If the set of (K, h)-critical points of T or, which is the same, the set of fixed points of F from Ow \ OK w is non-empty, we can shift it into . Such an approach was suggested in [1] . So, we put
for some sufficiently small neighborhood N of this set and for any y E 0, and define the mapping F(y) = F(y) + 5(y)(9 -F(y)) (1.6) for some fixed 9 E K. This mapping is obviously continuous on 0, coincides with the mapping F on 0 \ N, has no fixed point on Ow, and F(y) E K for all y E Ow fl N. Hence, the mapping '(y)=y-P(y) (1.7) is continuous on 0 and (V, 0)-non-degenerate on Ow. It is clear that the mappings F and 1 depend on 9. But the corresponding mapping F has the same properties for another E K, and F(y) E K for all y E Own N. Since K is convex, the vectors 'I(y) and (y) are directed in opposite ways for none of y E OwflN, and (y) c1(y) for ally E Ow\N. Then, according to Proposition 1, the mappings and are homotope at 0 relative to , and by statement (2) of the degree deg(,,0) = deg('I,,0). So, this integer is independent from 9 E K. Its independence from a sufficiently small neighbourhood N is obvious. This shows that the following definition is legitimate. 
deg(T,w,h) = deg(T,w,,h). (2) If continuous mappings T0 and T1 are K-homotope at h relative to w, then deg(To,w, h) = deg(TI ,w, h). (3) If there exists a I/o E " with (y-yo, Ty) ^!(y-yo, h )
VYEOKW, (1.8) then deg,-(T,w,h) = 1.
(4) deg(T-h,,0) = deg(T,w,h). (5) If w. C w and T is (K, h) -non-degenerate on w, then deg(T,, h)
VvEK. (1) (1.12)
By analogy with (1.6), we set
for 5(y) from (1.5) and some fixed E K. By construction, the family of mappings F is continuous on 0, continuously dependent on t e [0, 1] and has no fixed point on ow. Then
is a homotopy at 0 relative to t, and according to Definition 1 and statement (2) of the degree
(3) First of all, we shall show that the family of mappings
is a K-homotopy at 0 relative to w. Indeed, if there exist y E t9KW and t E (0, 1) with (v -y,Ty) ^! 0 for all v E K or, which is the same,
then for v = yo we obtain I y -yoI2 +(1 -i)(y -y, Ty -h) < 0, which contradicts (1.8).
It is obvious that the family of mappings T is continuous and continuously dependent on t E [0, 1]. Thus, according to property (4), proved below, and (2) of the K-degree we have
To evaluate this integer, we construct the following mappings, according to (1.2) and (1.1) for TEland hEyo (because ofyo EwcK):
If in addition y o E , then is (V, 0)-non-degenerate on & and we can set 4(y) = cI(y).
Otherwise Yo E ôw \ ÔKW and we must construct 1 according to the scheme (1.5) -(1.7). It is obvious that for any fixed 0 < e < 1 we have Yo + e( -yo) = y. E , and vectors (y) and ,(y) = y -y, are directed in the opposite ways for none of y E ow. Thus, according to Proposition 1, ii and . are homotope at 0 relative to , and according to Definition 1 and statements (2) - (4) (8) Suppose that T is (K, h)-non-degenerate on w. By property (7) of the K-degree we get deg (T,w,h) = 0, which is a contradiction.
(9) Assuming K-homotopy of T0 and T1 at h relative to w implies a contradiction with property (2) of the K-degree. So, there exist yo E '9Kw and A0 E (0,1) satisfying (1.9).
(10) Property (5) of the K-degree legitimate Definition 4. Boundedness of w implies finitness of the set of isolated (K, h)-critical points of in w -otherwise this set contains a limit point, which is non-isolated. So, this set consists of y i (1 = 1,. . . , m), and there exists an r > 0 such that the balls B(y,) ( Br(yj) . Then, according to property (1) of the K-degree and Definition 4, equality (1.10) holds U The next theorem is a K-degree variant of the Leray-Schauder lemma. ( It should be noted that in terms of rotation an analogous proposition is contained in [8] and [10].
K-degree in complementary systems
Let Y and Z be Banach spaces in duality with respect to the pairing (.,.), Y0 and Z0 be closed subspaces of Y and Z, respectively, such that the dual of Yo can be identified with Z and the dual of Z0 can be identified with Y by means of the pairing (.,.). Then the quadruple (Y, Yo; Z, Zo) is called complementary system [4] . In particular, it is a natural generalization of a dual pair (X, X), which is useful for a reflexive space X, to (X, X; X', X*). Principal examples are complementary systems formed of OrliczSobolev spaces [4] .
For further considerations, we assume that the subspaces Y0 and Zo are separable, and that K c Y is a c-set (see the next definition).
Clearly, a or-set is convex and closed. It is known [4] that a space Y itself and a closed ball
with yo E Yo are c-sets. Provided that the support of an Orlicz-Sobolev space has some natural properties (for example, its boundary has the segment property), not only the space itself and corresponding balls [4] , but also the cone of functions that are non-negative together with their lower derivatives, is a c-set [10] .
Let X be a convex set with Y0 C X C Y. Let us equip X with a metric p such that a norm convergent sequence from Y0 is p-convergent, and a p-bounded set from 1' 0 is norm bounded. The p-closure of Y0 will be denoted by X0 . Obviously, Yo C Xo C X.
Such set X and metric p were defined, studied and used for construction of a rotation theory and a K-rotation theory in complementary systems formed of Orlicz-Sobolev spaces in [9] and [10], respectively. It was shown that the set of functions, belonging to the Orlicz class together with their derivatives, may be taken as X, and the corresponding integral metric may be taken as p. In this case p-convergence is situated between strong convergence and modular convergence, which was applied later in [19] for the construction of a degree theory in Orlicz-Sobolev spaces. Note that for reflexive Orlicz-Sobolev spaces modular convergence is equivalent to norm convergence, hence, to p-convergence.
---Definition 6. We will say that an operator T: X -Z belongs to the class SA (X) if it satisfies the following conditions: The conditions (T1 ) - (7' 3 ) are similar to analogous conditions from [4] and subsequent works about complementary systems. In fact, the only difference is the additional claim of p-convergence of the sequence y,, in (7'2).
The class of operators SA(X) was defined, studied and used for a complementary system formed of Orlicz-Sobolev spaces in [9, 10] . It was shown that elliptic differential operators with natural conditions on their coefficients such as those stated in [4, 5] Let us consider a finite-dimensional subspace V° C Y0 . Let jo V° -* Yo be the identity and j : Z -V°' be the dual projection. We identify the dual space V°' with V° and equip it with a scalar product (.,.), coordinated with the pairing (.,) by the relation (jov,h) = (v,jh) for all v E V° and h E Z. Then jTj0 : V° V0 is the corresponding Galerkin approximation for the operator T.
Lemma 1. Let K be a o-set, let M C K fl X be a p-bounded and p-closed set and M0 = MflY0 , let h E Z0 and an operator T of the class SA(X) be (K, h)-non-degenerate onMflX0 , that is {Y e MflXo: (v -y,Ty) (v -y,h) Vv € K} = 0. (2.5) Then there exists finite-dimensional subspace V° C Yo with K° = K fl V° such that { EM 0 : (v -y,Ty) (v -y,h) Vv € K0} =
Let V' C Yo be another finite-dimensional subspace so that V° C V'. We associate the corresponding operators ji V' -Yo, We denote the closure and the relative boundary of the K-admissible set w with respect to the p-topology of K fl X as p clw and p 3K W , respectively. (2.11)
Lemma 2. Let w be a K-admissible set, h € Z0 and an operator T of the class SA(X ) be (K, h) -non-degenerate on PÔKW. Then there exists a finite-dimensional subspace V° C Yo such that the Galerkin approximation j'Tjo is (K°,jh)-non
To prove this formula we consider a finite-dimensional subspace V' C Yo with V01 U V02 c v According to (2.10), the corresponding K'-degree equals to each side of the equality (2.11). Hence it is valid I This shows that the following definition is legitimate. We will show that the K-degree of operators of the class SA(X) in complementary systems has the same properties as the finite-dimensional K-degree. Definition 9. We will say that a family of operators T : X -Z belongs to the class S(X) if it satisfies the following conditions: there follows that limp(y,y) = 0,
It is obvious that the class S(X) is a one-parameter analogue of the class SA(X). Moreover, for any operators T0 and T1 of the class SA (X), a family of operators T = (1 -t)To + iT1 belongs to the class S(X) [6, 10] . Note that this set is obviously K-admissible.
Definition 12. We set ind K (T, yo, h) = deg(T,13r (yo),h) (0 <r <ro)
and name this integer the index of an isolated (K, h)-critical point Yo of an operator T of the class SA(X). So, it is sufficient to use Definition 8 and property (5) of the finite-dimensional K-degree.
Theorem 3. Let (Y, Yo; Z, Zo) be a complementary system, K be a a-set, w be a Kadmissible set, h E Z0 and an operator T of the class SA(X) be (K, h)-non-degenerate
(6) As in the finite-dimensional case, this follows immediately from property (2). (7) Applying Lemma 1 to the set M = pck, we obtain the existence of a finitedimensional subspace V° C Yo such that 0 and the Galerkin approximation jTjo is (K°,jh)-non-degenerate on w°. So, it is sufficient to use Definition 8 and property (7) of the finite-dimensional K-degree.
(8) As in the finite-dimensional case, this follows immediately from the previous property.
(9) As in the finite-dimensional case, this follows immediately from property (2). (10) As in the finite-dimensional case, the legitimacy of Definition 12 follows from property (5) above. To verify finitness of the set of isolated (K, h)-critical points of T from w fl X0 , suppose the contrary. K-admissibility of w implies its p-boundedness. Therefore w fl Xo is strongly bounded and contains a sequence y,, of isolated (K, h) critical points of T, satisfying (2.7) and (2.8). By condition (T3 ), the sequence Ty is strongly bounded as well. Without loss of generality, we may assume that -Y Y for cr (Y,Zo) and
Repeating the arguments from the proof of Lemma 1, we obtain that y is a non-isolated (K, h)-critical point of T from w fl X0 , which contradicts our assumption. Thus, the set of (K, h)-critical points of T from w fl X0 consists of y, ( To illustrate the possibilities of the K-degree theory for operators of the class SA(X), we will formulate several theorems concerning solvability of variational inequalities (0.2) in complementary systems. The proof of this theorem follows easily from properties (2) and (8) of the K-degree. Thus, to prove solvability of the variational inequality (0.2) with an operator T0 of the class SA(X), we may construct a homotopy of the class S(X) with T1 satisfying (2.12). Note that this theorem is a variant of the Leray-Schauder theorem [13) The proof of this theorem is obvious, because inequality (2.13) implies inequality (2.12), according to property (3) of the K-degree. Note that this theorem is a special, but more convenient variant of the previous. 
The proof of this theorem follows immediately from properties (7), (3) and (9) of the K-degree. 
. ,m) be isolated (K, h)-critical points of T, but deg(T,w, h) indK(T, y,, h).
Then the set w fl Xo contains at least (m + 1) (K, h)-critical points of the operator T.
The proof of this theorem follows immediately from property (10) of the K-degree.
In the case of a variational inequality without right side Note that, in terms of rotation, variants of Theorems 4, 5 and 7 -9 are contained in [10] , and a variant of Theorem 6 in [6] .
Keep in mind that the effectiveness of using the K-degree theory, as well as degree theory itself, depends on whether one can calculate the index of an isolated (K, h)-critical point. The evaluation of the index considered to be a hard problem. The majority of works dealing with approximative generalizations of the degree theory completely avoids considering this problem. As for the K-degree, the techniques to calculate the index of isolated (K, h)-critical points have not been worked out even for the finitedimensional case (except [71).
